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Abstract
We define coherent states carrying SU(N) charges by exploiting generalized Schwinger
boson representation of SU(N) Lie algebra. These coherent states are defined on 2 (2N−1−
1) complex planes. They satisfy continuity property and provide resolution of identity.
We also exploit this technique to construct the corresponding non-linear SU(N) coherent
states.
PACS: 02.20.-a
1 Introduction
The simplest coherent states are associated with the Heisenberg-Weyl group with the Lie
algebra involving a harmonic oscillator creation-annihilation operators (a†, a) obeying:
[a, a†] = I. (1)
In (1), I is the identity operator. The coherent states belonging to the Heisenberg-Weyl
group are defined as [1, 2, 3, 4]:
|z〉
∞
≡ exp(za†)|0〉 =
∞∑
n=0
zn√
n!
|n > (2)
The subscript∞ in (2) denotes that the coherent states belong to the infinite dimensional
representation of the Heisenberg-Weyl Lie algebra (1). The manifold corresponding to the
Heisenberg-Weyl group is the complex z plane and the corresponding coherent states (2)
are continuous functions of z. Further, they are eigenstates of the annihilation operator:
a|z〉∞ = z |z〉∞. (3)
It is also easy to verify that |z〉∞ satisfy the resolution of identity:∫
dµ(z)|z〉
∞ ∞
〈z| ≡ I. (4)
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In (4), dµ(z) ≡ exp{−(|z|)2} is the measure over the group manifold. The coherent states
in (2) can be generalized to define non-linear coherent states by demanding:
f(N) a|z, f〉∞ = z |z, f〉∞ (5)
where f(Nˆ) is an operator valued function of the number operator Nˆ = a†a. An explicit
expression for |z, f〉∞ is given by:
|z, f〉∞ =
∞∑
n=0
c(n)√
n!
zn |n > (6)
where, c(0) = 1, and c(n) =
∏n−1
k=0[f(k)]
−1 if n ≥ 1. The expansion in (6) can be summed
over to get an exponential form:
|z, f〉∞ = exp
(
zHˆf (Nˆ)a
†) |0 >, (7)
where Hˆf(Nˆ) ≡ 1f(Nˆ−1) . Note that |z, f = 1〉∞ = |z〉∞.
In this paper, we generalize the above simple ideas associated with the Heisenberg-Weyl
group to SU(N) group. For this we need to generalize the Schwinger boson representation
of SU(2) Lie algebra with a doublet of harmonic oscillators [5] to SU(N) group. This
representation of the SU(N) Lie algebra in terms of certain number of harmonic oscillators
will help us define coherent states which are characterized by (N-1) charges. These (N -
1) charges are the eigenvalues of the (N-1) generators belonging to the Cartan subspace of
SU(N). The coherent states with the above property will be called fixed charge coherent
states or more explicitly, coherent states with SU(N) charges. The fixed charge coherent
states also satisfy certain eigenstate conditions which are similar to (3) and thus are very
different from the ‘generalized coherent states’ defined by Perelomov [6]. More specifically,
while the previous ones, by definition, are the eigenstates of (N - 1) diagonal generators
belonging to the Cartan subspace of SU(N), the generalized SU(N) coherent states are
eigenstates of the (N - 1) Casimirs of SU(N), i.e, they are defined within various irreducible
representations of SU(N). Further, the fixed charge coherent states are defined on complex
planes while the later are defined on the SU(N) group manifolds which are compact.
Infact, this work corresponds to a simple generalization and a co-variant formulation of
the work done in [7] for SU(2) group to SU(N) group for arbitrary N. The techniques
using the generalized Schwinger representation of SU(N) Lie algebra [8, 9] developed in
this paper also lead to a unified formulation of the above two types of coherent states.
This will be clear as we proceed. We further generalize this construction of fixed charge
coherent states to define non-linear fixed charge SU(N) coherent states. This corresponds
to generalizing the well studied non-linear coherent states in (7) of the Heisenberg-Weyl
group [10, 11, 12, 13] to SU(N) group. At this stage we should mention that the work in
[14] deals with SU(3) charged coherent states and many ideas of this paper are borrowed
and generalized to SU(N) from there. However, the work [14] is not complete as it involves
only symmetric representations of SU(3) and therefore does not reveal the much richer
contents of the SU(3) charged coherent states (section 3).
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The plan of the paper is as follows: In section 2 , we deal with the SU(2) group and define
SU(2) charge as well as spin or generalized SU(2) coherent states using the Schwinger
boson representation. This formulation will put the above two types of coherent states
on similar footing. We then deal with SU(2) non-linear charge coherent states in section
2.1 . The section 2 contains some of the results of [7] in a co-variant language which is
necessary for it’s generalization to SU(N) groups. It, therefore, provides a platform to
understand the SU(N) (N ≥ 3) techniques of section 3 and section 4 within the much
simpler SU(2) framework. The section 3 deals with SU(3) group and defines SU(3) charge
coherent states and their non-linear analogs. This section is required for the continuity
before going to SU(N) for arbitrary N as SU(2) group is too simple. More explicitly, the
SU(N) groups for N ≥ 3 has more than one fundamental representations which requires a
much more careful analysis. This will be emphasized in section 3 and section 4. Thus, in
section 3 we find many features/results for SU(3) which were redundant/absent for SU(2)
group. Finally, in section 4 we straight-away generalize the contents of section 3 to SU(N)
for arbitrary N.
2 Coherent States with SU(2) Charge
We start this section with the standard definition of generalized SU(2) coherent states
[6]. We then introduce Schwinger bosons [5] to construct SU(2) Lie algebra and exploit
it to give an easier formulation to construct the above coherent states. This formulation
with some simple changes leads to fixed charge SU(2) coherent states. The SU(2) group
involves 3 angular momentum generators, J1, J2 and J3 and the Lie algebra is:
[Ja, J b] = i ǫabc J
c, a, b, c = 1, 2, 3. (8)
The SU(2) Casimir is ~J. ~J with eigenvalue j(j+1) where j is half integer spin. To construct
the SU(2) spin coherent states, we define the group element U using the three Euler angles,
i.e., U(θ, φ, ψ) ≡ exp(iφJ3) exp(iθJ2) exp(iψJ3). Further, in the spin j representation, we
use the highest weight |j, j〉 as the chosen representation state vector. The SU(2) coherent
states are defined as:
|θ, φ, ψ) >j = U(θ, φ, ψ) |j, j > ,
= exp(i jψ)
+j∑
m=−j
Cm(θ, φ) |j,m > , (9)
In (9),
Cm(θ, φ) =
√
2j!
(j +m)!(j −m)! exp(imφ)
(
sin
θ
2
)j−m (
cos
θ
2
)j+m
(10)
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The above construction is simple. However, for larger Lie group and in particular for
SU(N) N ≥ 3, it becomes extremely difficult to compute the expansion coefficients anal-
ogous to Cm(θ, φ). This problem is completely evaded by another equivalent formulation
which exploits the Schwinger boson representation of the corresponding Lie algebra [8, 9].
Further, this method like Heisenberg construction of section 1, involves harmonic oscilla-
tor creation anihilation operators and resembles (2). We will illustrate this procedure for
SU(2) in this section before going to SU(N) for arbitrary N.
The algebra in (8) can be realized in terms of a doublet of harmonic oscillator creation
and annihilation operators ~a ≡ (a1, a2) and ~a† ≡ (a†1, a†2) respectively [5]. The number
operators are Nˆ1 ≡ a†1a1 and Nˆ2 ≡ a†2a2. They satisfy the bosonic commutation relations:
[ai, a
†
j ] = δij , i, j = 1, 2. (11)
The vacuum state is |0, 0 > and an arbitrary state in the number operator basis is written
as |n1, n2 >. It satisfies:
Nˆ1 |n1, n2 >= n1 |n1, n2 >, Nˆ2 |n1, n2 >= n2 |n1, n2 > . (12)
We can now define the angular momentum operators in (8) as:
Ja ≡ 1
2
a†i (σ
a)ij aj , (13)
where σa denote the Pauli matrices. It is easy to check that the operators in (13) satisfy
(8). Further, as they involve one creation and one annihilation operator, the Casimir (C)
is:
C = Nˆ1 + Nˆ2. (14)
One can also explicitly check that ~J · ~J ≡ 1
4
C(C + 2) = 1
4
~a† · ~a(~a† · ~a + 2). Thus the
representations of SU(2) can be characterized by the eigenvalues of the total occupation
number operator and the spin value j is equal to n/2 ≡ (n1 + n2)/2. With the SU(2)
Schwinger representation (13), we can directly generalize (2) to SU(2)3:
|~z >n=2j = δ[a1†a1+a2†a2,n] exp
(
~z · ~a†
)
|0, 0 >
= n!
n∑
r=0
z
(n−r)
1 z
r
2√
(n− r)! r!
|n− r, r > (15)
In (15), the delta function is the spin projection operator and it projects out all states
with fixed spin value. (z1, z2) is a doublet of complex numbers and satisfy the constraint
3A similar construction using Holstein Primakov representation of SU(2) Lie algebra was given in [15].
We find that (15) is simpler and easily generalizable to SU(N).
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|z1|2 + |z2|2 = 1. Thus the coherent states in (15) are defined over the hyper-sphere S3.
By construction, the coherent states in (15) satisfy:
C|~z >n= n |~z >n . (16)
The equivalence of (9) and (15) is trivially shown by considering the coherent states in
the simplest j = 1/2 or equivalently n=1 representation and we get:
z1 ≡ ei
ψ
2 ei
φ
2 cos
θ
2
, z2 ≡ ei
ψ
2 e−i
φ
2 sin
θ
2
. (17)
Substituting the values (17), the Schwinger construction (15) reduces to the standard con-
struction (9) given by Perelomov [6]. The resolution of identity follows because under the
SU(2) group transformation operator Uˆ ≡ expi∑3a=1 αaJa, (z1, z2) rotates as a doublet,
i.e,:
zi → (exp i
2
αaσa)ijzj . (18)
Therefore, the operator,
In ≡
∫
SU(2)
dµ(~z)|~z >n n < ~z|, (19)
with
∫
SU(2) dµ(~z) ≡
∫
d2~z δ(|~z|2 − 1), remains invariant under SU(2) and therefore, by
Shur’s lemma, must be proportional to the identity operator. The above simple procedure
using Schwinger bosons to construct SU(2) coherent states with fixed value of the Casimir
was generalized to SU(N) in [8, 9]. At this stage, we also have the possibility of defining
SU(2) coherent states which are eigenstates of the third component of the angular mo-
mentum [7] instead of the spin operator. We define the SU(2) charge operator Q to be
twice of the third component of the angular momentum, i.e,
Q = a†1a1 − a†2a2. (20)
We further note that:
[Q, a1a2] = 0 (21)
Thus the complete set of commuting operators for SU(2) is (Q, a1a2). The SU(2) fixed
charge (q) coherent states are obtained from (15) simply by replacing the spin projection
operator by fixed charge projection operator, i.e,:
|z1, z2 >q = δ[a1†a1−a2†a2,q] exp
(
~z · ~a†
)
|0, 0 >
=
∞∑
n=0
z
(q+n)
1 z
n
2√
(q + n)! n!
|q + n, n >
=
z1
q
√
q!
exp
(
z1z2
1
Nˆ1
a1
†a2†
)
|q, 0 > (22)
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Fixed charge coherent states in (22) satisfy:
Q|z1, z2 >q = q |z1, z2 >q (23)
Thus, the equation (23) for fixed charge replaces the equation (16) for the fixed spin
coherent states. The two types of coherent states defined in (15) and (22) are very
different in their structures. The projection operator (20), unlike Casimir projection
operator (14), does not commute with the SU(2) generators. Therefore, |z1, z2 >j are the
vectors in the jth irreducible representation of SU(2) while |z1, z2 >q are the vectors in
the infinite dimensional Hilbert space of the two harmonic oscillators. Further, |z1, z2 >q
are the eigenstates of the destruction operators:
a1a2|z1, z2 >q = z1z2|z1, z2 >q (24)
and are defined on C2 to satisfy resolution of identity. In this sense, (22) are closer to
(2). To prove the resolution of identity, we start with the trivial identity operator in the
direct product Hilbert space of two Heisenberg-Weyl coherent states (2) characterized by
z1 and z2 , i.e,:
I ≡
∞∑
n1,n2=0
∞∑
m1,m2=0
∫
dµ(z1)
∫
dµ(z2)
zn11 z
n2
2√
n1! n2!
z¯m11 z¯
m2
2√
m1! m2!
|n1 > |n2 >< m1| < m2|(25)
In (25), we insert the following two trivial identities:
∞∑
q=0
δ(n1 − n2 − q) = 1
∞∑
q′=0
δ(m1 −m2 − q′) = 1 (26)
and rearrange the summations over (n1, n2) and (m1, m2) in terms of q and q
′. The two
angular integrations over the phases of z1 and z2 lead to:
I ≡
∞∑
q=0
∫
dµ(z1)
∫
dµ(z2)|z1, z2 >q q < z1, z2| (27)
2.1 Nonlinear Formulation
Motivated by the non-linear formulation of the Heisenberg Weyl coherent state in (5), we
can define the non-linear SU(2) coherent states as:
f(Nˆ1, Nˆ2)a1a2|z1, z2; f >q≡ z1z2|z1, z2; f >q (28)
We expand |z1, z2; f >q:
|z1, z2; f >q≡
∞∑
n=0
Cn(z1, z2; f) |q + n, n > (29)
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The equation (28) implies:
Cn(z1, z2; f) =
√
q !
(n+ q)! n!
n∏
k=1
z1 z2
f(n+ q − k, n− k) C0(z1, z2; f) (30)
We would like to put (29) in the exponential form analogous to (7). For this we substitute
(30) in (29) and after rearranging terms we get:
|z1, z2; f >q =
∞∑
n=0
q !
(n+ q)! n!
( 2∏
i=1
zi a
†
i
)n n∏
l=1
1
f(Nˆ1 + n− l, Nˆ2 + n− l)
|q, 0 >
≡
∞∑
n=0
1
n!
( 2∏
i=1
zi a
†
i
)n [ n∏
k=1
Hˆf(Nˆ1 + k, Nˆ2 + k)
]
|q, 0 > (31)
where,
Hˆf(Nˆ1 + k, Nˆ2 + k) ≡ 1
(Nˆ1 + k)
1
f(Nˆ1 − 1 + k, Nˆ2 − 1 + k)
. (32)
Now using the operator identity:
(
a†1a
†
2
)n n∏
k=1
Hˆf(Nˆ1 + k, Nˆ2 + k) =
[
Hˆf(Nˆ1, Nˆ2)a
†
1a
†
2
]n
, (33)
we finally get:
|z1, z2; f >q= C0 exp
[
z1z2 Hˆf(Nˆ1, Nˆ2) a
†
1a
†
2
]
|q, 0 > (34)
Using the condition: |z1, z2; f = 1 >q= |z1, z2 >q, we get C0 = z
q
1√
q!
. We note that the
structure of SU(2) coherent states |z1, z2; f >q in (34) is same as that of the Heisenberg
Weyl coherent state |z, f〉∞ in (7).
We thus see in the above sections that the Schwinger boson algebra associated with SU(2)
group is extremely useful and convenient to define SU(2) coherent states with fixed spin
(15) as with fixed charges (22). Further, one can trivially generalize the above construction
to define fixed charge nonlinear coherent states. At this stage, it should be emphasized
that for fixed charge linear and non-linear coherent states, the Schwinger boson construc-
tion presented here is most natural. This is because it involves the operators a1, a2, e.g the
equations (24) and (28), which are like ‘square roots’ of the angular momentum operators.
Further, it is not obvious how a simple modification of the standard construction (9) can
lead to fixed charge coherent states. In the next two section we will generalize these ideas
to SU(N) group and construct SU(N) coherent states with fixed (N - 1) charges.
3 Coherent States with SU(3) Charges
The group SU(3) is of rank two and therefore it has two fundamental representations
transforming like triplet and anti-triplet. We, therefore, define two triplets of harmonic
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oscillator creation and annihilation operators (ai, bi), i=1,2,3, satisfying [16]:
[ai, a
†
j ] = δij , [bi, b
†
j] = δij ,
[ai, bj ] = 0 , [ai, b
†
j ] = 0 . (35)
We will denote these two triplets by (~a,~b) and the two number operators by Nˆi and
Mˆi respectively; Nˆi ≡ ai†ai, Mˆi ≡ bi†bi. Similarly, the vacuum state can be labelled by
|~0a,~0b >. Henceforth, we will ignore the subscripts a, b and will denote the vacuum state
by |~0,~0 > or more explicitly by |0, 0, 00, 0, 0〉. Let λa2 , a = 1, 2, ..., 8 be the generators of SU(3)
in the fundamental representation; they satisfy the SU(3) Lie algebra [λ
a
2
, λ
b
2
] = ifabc λ
c
2
.
Let us define the following operators
Qa =
1
2
(
a†λaa− b†λ∗ab
)
, (36)
where a†λaa ≡ a†iλaijaj , and b†λ∗ab ≡ b†iλ∗aij bj . To be explicit,
Q3 =
1
2
(a†1a1 − a†2a2 − b†1b1 + b†2b2) ,
Q8 =
1
2
√
3
(a†1a1 + a
†
2a2 − 2a†3a3 − b†1b1 − b†2b2 + 2b†3b3) ,
Q1 =
1
2
(a†1a2 + a
†
2a1 − b†1b2 − b†2b1) ,
Q2 = − i
2
(a†1a2 − a†2a1 + b†1b2 − b†2b1) ,
Q4 =
1
2
(a†1a3 + a
†
3a1 − b†1b3 − b†3b1) ,
Q5 = − i
2
(a†1a3 − a†3a1 + b†1b3 − b†3b1) ,
Q6 =
1
2
(a†2a3 + a
†
3a2 − b†2b3 − b†3b2) ,
Q7 = − i
2
(a†2a3 − a†3a2 + b†2b3 − b†3b2) . (37)
It can be checked that these operators satisfy the SU(3) algebra amongst themselves,
i.e., [Qa, Qb] = ifabcQc. The two Casimirs of SU(3) are the two types of total number
operators, i.e,:
C1 = Nˆ1 + Nˆ2 + Nˆ3,
C2 = Mˆ1 + Mˆ2 + Mˆ3. (38)
This can be seen simply by looking at the SU(3) generators in (37). They always involve
one creation and one destruction operators of each type and hence both the operators in
(38) commute with all the SU(3) generators. The eigenvalues of C1 and C2 will be denoted
by n and m respectively. Further,
[Qa, a†i ] = λ
a
jia
†
j , [Q
a, b†i ] = −λ∗aji b†j ,
[Qa, a† · a] = 0 , [Qa, b† · b] = 0 (39)
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From Eqs. (39), it is clear that the three states a†i |~0,~0 > with (n = 1, m = 0) and
b†i |~0,~0 > with (n = 0, m = 1) transform respectively as the fundamental representation
3 and its conjugate 3¯ representation. By taking the direct product of N ~a†’s and M ~b†’s
and subtracting the traces we can form any of the higher irreducible representations of
SU(3) [8]. We can now define the SU(3) coherent states with fixed values of Casimirs (or
generalized coherent states) as:
|~z, ~w >(n,m) ≡ δ(C1,n)δ(C2,m) exp (~z · ~a† + ~w ·~b†)|~0,~0 > (40)
The coherent states in (40) are straight forward generalization of the corresponding SU(2)
coherent states in (15). The two delta function constraints mean:
C1 |~z, ~w >(n,m) = n |~z, ~w >(n,m)
C2 |~z, ~w >(n,m) = m |~z, ~w >(n,m) (41)
The complex vectors (~z, ~w) in (40) are the sets of two orthonormal triplets [8] describing
the SU(3) manifold. They satisfy:
|~z|2 = |~w|2 = 1, ~z.~w = 0. (42)
The resolution of identity follows from the fact that under SU(3) transformations ~z and
~w transform like triplet and anti-triplet respectively. Therefore, the operator:
I(n,m) ≡
∫
SU(3)
dµ(~z, ~w) |~z, ~w >(n,m) (n,m) < ~z, ~w|, (43)
with
∫
SU(3) dµ(~z, ~w) ≡
∫
d3~z d3 ~wδ(|~z|2 − 1)δ(|~w|2 − 1)δ(~z.~w), is an SU(3) invariant. Thus
I(n,m) in (43) commutes with all the SU(3) generators in (37) and hence it is proportional
to the identity operator for all possible values of (n,m). On the other hand, the SU(3)
Lie algebra involves two diagonal generators and therefore we can define two mutually
commuting charge operators:
Q1 ≡ 2 Q3, Q2 ≡ 2
√
3Q8 (44)
It is easy to see that the complete set of commuting operators (CSCO) is given by the
set4: [Q1,Q2, a1a2a3, b1b2b3, a1b1, a2b2, a3b3]. We now define the coherent states with fixed
SU(3) charges as:
|~z, ~w >(q1,q2) ≡ δ(Q1,q1)δ(Q2,q2) exp (~z · ~a† + ~w ·~b†)|~0,~0 > (45)
In (45), the two δ function constraints imply that the states on the left satisfy
Q1|~z, ~w〉(q1,q2) = q1 |~z, ~w〉(q1,q2)
Q2|~z, ~w〉(q1,q2) = q2 |~z, ~w〉(q1,q2) (46)
4Note that the formulation in [14] corresponds to ignoring b1, b2 and b3 or equivalently putting M1 =
M2 =M3 = 0.
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The equations (45) and (46) are the SU(3) analogs of the similar equations (22) and (23)
in the case of SU(2) respectively. In terms of the occupation number states characterized
by (n1, n2, n3) and (m1, m2, m3), the eigenvalue equations (46),
Qa|n1, n2, n3m1,m2,m3 〉 = qa |n1, n2, n3m1,m2,m3 〉, a = 1, 2 (47)
can be easily solved for the first two occupation numbers (n1, n2) in terms of the two
SU(3) charges (q1, q2) and rest of the occupation numbers. The solutions are:
n2 = n3 +
1
2
(q2 − q1) + 2(m2 −m3) (48)
n1 = n3 + q1 +
1
2
(q2 − q1) + (m1 −m2) + 2(m2 −m3)
By defining q0 ≡ 0, the solutions in (48) can be written in a compact form:
ni = n3 + li +
2∑
a=i
a (ma −ma+1), i = 1, 2. (49)
In (49), li ≡ ∑2a=i ( 1a(qa − qa−1). The above solution for SU(3) group is written in a form
which can be generalized to SU(N) group (see section 4 ). The equations (45) and (46)
imply:
|~z, ~w >(q1,q2)=
∞∑
n3=0
∞∑
m1,m2,m3=0
Bn3m1,m2,m3(~z, ~w)|n1, n2, n3m1,m2,m3 〉 (50)
where,
Bn3m1,m2,m3(~z, ~w) ≡
zn11 z
n2
2 z
n3
3 w
m1
1 w
m2
2 w
m3
3[
n1!n2!n3!m1!m2!m3!
] 1
2
(51)
In (51), the occupation numbers n1 and n2 are given in terms of the two charges q1, q2
and the rest of the occupation numbers by (48). We further note that the coherent states
defined in (50) are infact eigenstates of CSCO, i.e,:
Qa|~z, ~w〉(q1,q2) = qa|~z, ~w〉(q1,q2), a = 1, 2
a1a2a3|~z, ~w〉(q1,q2) = z1z2z3|~z, ~w〉(q1,q2), (52)
b1b2b3|~z, ~w〉(q1,q2) = w1w2w3|~z, ~w〉(q1,q2)
aibi|~z, ~w〉(q1,q2) = ziwi|~z, ~w〉(q1,q2), for each i (= 1, 2, 3)
The above eigenvalue equations are the SU(3) analogs of the corresponding SU(2) equa-
tions in (23). The coherent states in (50) can also be written as5:
|~z, ~w >(q1,q2)= exp
[z1z2z3
Nˆ1Nˆ2
a†1a
†
2a
†
3 +
w1w2w3
M1M2
b†1b
†
2b
†
3
] ∞∑
ν1,ν2=0
C0ν1,ν2,0|l1+ν1 l2+ν2 0ν1 ν2 0 〉 (53)
5The proof is given in the next section.
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In (53):
C0ν1,ν2,0 ≡
zl1+ν11 z
l2+ν2
2 w
ν1
1 w
ν2
2√
(l1 + ν1)!(l2 + ν2)!ν1!ν2!
(54)
Further, the two summations in (53) can be performed to get the final compact exponential
form (see section 3.1 ):
|~z, ~w >(q1,q2)=
z1
l1
√
l1!
z2
l2
√
l2!
exp
[
z1z2z3
1
Nˆ1Nˆ2
a†1a
†
2a
†
3 + w1w2w3
1
Mˆ1Mˆ2
b†1b
†
2b
†
3
]
exp
[
z1w1
1
Nˆ1
a†1b
†
1 + z2w2
1
Nˆ2
a†2b
†
2
]
|l1 l2 00 0 0 〉 (55)
The proof for the resolution of identity for the fixed charge SU(3) coherent states (53) is
similar to that for the case of SU(2). We start with a direct product of 6 Heisenberg-Weyl
coherent states:
|~z, ~w >
HW
≡ exp (~z · ~a† + ~w ·~b†)|~0,~0 > (56)
=
∞∑
n1,n2,n3=0
∞∑
m1,m2,m3=0
An1, n2, n3m1,m2,m3 (~z, ~w)|n1, n2, n3m1,m2,m3 〉
In (56),
An1, n2, n3m1,m2,m3 (~z, ~w) ≡
zn11 z
n2
2 z
n3
3 w
m1
1 w
m2
2 w
m3
3[
n1!n2!n3!m1!m2!m3!
] 1
2
(57)
The coherent states defined by (56) trivially satisfy the resolution of identity:∫
dµ(~z, ~w)|~z, ~w〉
HW HW
〈~z, ~w| ≡ I (58)
where, dµ(~z, ~w) ≡
[∏3
i=1 d
2zi d
2wi
]
e−(|~z|
2+|~w|2). We now expand I in (58) as:
∫
dµ(~z, ~w)
∞∑
~n=0
∞∑
~m=0
∞∑
~l=0
∞∑
~p=0
An1, n2, n3m1,m2,m3 (~z, ~w)A
∗l1, l2 , l3
p1, p2, p3
(~z, ~w) |n1, n2, n3m1,m2,m3 〉〈l1, l2, l3p1, p2, p3|
and rearrange the summations by inserting the following identities:∑
q1
δ((n1 − n2)− (m1 −m2)− q1) = 1
∑
q2
δ((n1 + n2 − 2n3)− (m1 +m2 − 2m3)− q2) = 1,
∑
q1′
δ((l1 − l2)− (p1 − p2)− q1′) = 1
∑
q2′
δ((l1 + l2 − 2l3)− (p1 + p2 − 2p3)− q2′) = 1. (59)
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The identities in (59) are SU(3) analogs of (26) and like in the case of SU(2), the angular
integrations lead to:
I = ∑
q1,q2
∞∑
n3=0
∞∑
~m=0
∫
dµ(r, R)
3∏
i=1
(r2i )
ni(R2i )
mi
ni!mi!
|n1, n2, n3m1,m2,m3 〉〈n1, n2, n3m1,m2,m3 |
=
∑
q1,q2
∫
dµ(~z, ~w)|~z, ~w〉(q1,q2) (q1,q2)〈~z, ~w| (60)
In (60), (n1, n2) are given in terms of charges (q1, q2) by equations (48).
3.1 Nonlinear Formulation
We define the non-linear SU(3) charge coherent states as the common eigenvectors of the
following operators:
f(Nˆ1, Nˆ2, Nˆ3)a1a2a3|~z, ~w, f, g〉q1,q2 = z1z2z3|~z, ~w, f, g〉q,q2
g(Mˆ1, Mˆ2, Mˆ3)b1b2b3|~z, ~w, f, g〉q1,q2 = w1w2w3|~z, ~w, f, g〉q1,q2 (61)
The number operators in (61) (
~ˆ
N,
~ˆ
M) have been defined in the previous section. We now
define
|~z, ~w, f, g >(q1,q2)=
∞∑
n3=0
∞∑
m1,m2,m3=0
Cn3m1,m2,m3(~z, ~w, f, g)|n1,n2,n3m1,m2,m3〉 (62)
In (62) (n1, n2) are defined in (48). The equation (61) implies:
Cn3m1,m2,m3(~z, ~w, f, g) =
z1z2z3√
n1n2n3f(n1 − 1, n2 − 1, n3 − 1)C
n3−1
m1,m2,m3
(~z, ~w, f, g)
=
w1w2w3√
m1m2m3g(m1 − 1, m2 − 1, m3 − 1)C
n3
m1−1,m2−1,m3−1(~z, ~w, f, g) (63)
Note that:
Cn3m1,m2,m3(~z, ~w, f = 1, g = 1) = B
n3
m1,m2,m3
(~z, ~w) (64)
where Bn3m1,m2,m3(~z, ~w) are defined in equation (51). Iterating equation (63), we find:
Cn3m1,m2,m3(~z, ~w, f, g) =
√
(n1 − n3)!(n2 − n3)!(m1 −m3)!(m2 −m3)!
n1!n2!n3!m1!m2!m3!
(65)
n3∏
k=1
z1 z2 z3
f(n1 − k, n2 − k, n3 − k)
m3∏
l=1
w1 w2 w3
g(m1 − l, m2 − l, m3 − l)C
0
m1−m3,m2−m3,0(~z, ~w, f, g)
The equation (64) implies:
C0ν1,ν2,0(~z, ~w, 1, 1) = C
0
ν1,ν2,0
=
zl1+ν11 z
l2+ν2
2 w
ν1
1 w
ν2
2√
(l1 + ν1)!(l2 + ν2)!ν1!ν2!
(66)
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In (66) C0ν1,ν2,0 is given by the equation (53). Substituting C
n3
m1,m2,m3
from (65) into (62)
and after some algebra, we get:
|~z, ~w, f, g >(q1,q2)=
∞∑
ν1,ν2=0
C0ν1,ν2,0
∞∑
m3=0
1
m3!
( 3∏
j=1
wjb
†
j
)m3 m3∏
l=1
Hˆg(M1 + l,M2 + l,M3 + l)
∞∑
n3=0
1
n3!
(
3∏
i=1
zia
†
i)
n3
n3∏
k=1
Hˆf(Nˆ1 + k, Nˆ2 + k, Nˆ3 + k)|l1+ν1 l2+ν2 0ν1 ν2 0 〉 (67)
In (67), ν1 = m1 −m3, ν2 = m2 −m3 and the operator Hˆ is given by:
Hˆf(Nˆ1, Nˆ2, Nˆ3) =
1
Nˆ1Nˆ2 f(Nˆ1 − 1, Nˆ2 − 1, Nˆ3 − 1)
Hˆg(Mˆ1, Mˆ2, Mˆ3) =
1
Mˆ1Mˆ2 g(Mˆ1 − 1, Mˆ2 − 1, Mˆ3 − 1)
(68)
Using the operator identities:
(
a†1a
†
2a
†
3
)n3 n3∏
k=1
Hˆf(Nˆ1 + k, Nˆ2 + k, Nˆ3 + k) =
[
Hˆf(Nˆ1, Nˆ2, Nˆ3)a
†
1a
†
2a
†
3
]n3
(
b†1b
†
2b
†
3
)m3 m3∏
l=1
Hˆg(Mˆ1 + l, Mˆ2 + l, Mˆ3 + l) =
[
Hˆg(Mˆ1, Mˆ2, Mˆ3)b
†
1b
†
2b
†
3
]m3
(69)
in equation (67), we get:
|~z, ~w, f, g >(q1,q2) = exp
[
z1z2z3Hˆfa
†
1a
†
2a
†
3 + w1w2w3Hˆgb
†
1b
†
2b
†
3
]
∞∑
ν1,ν2=0
C0ν1,ν2,0 |l1+ν1 l2+ν2 0ν1 ν2 0 〉 (70)
Note that the additional summations over the indeces ν1 and ν2 in (70), corresponding to
the second fundamental representation of SU(3), are abscent for the SU(2) case. These
two νi summations can also be exponentiated to finally get:
|~z, ~w, f, g >(q1,q2)= C0 exp
[
z1z2z3Hˆfa
†
1a
†
2a
†
3 + w1w2w3Hˆgb
†
1b
†
2b
†
3
]
exp
[
z1w1
1
Nˆ1
a†1b
†
1 + z2w2
1
Nˆ2
a†2b
†
2
]
|l1 l2 00 0 0 〉 (71)
Comparing (71) with (55) for f=g =1, we get: C0 =
z1
l1z2
l2√
l1l2
. The coherent states in (71)
are the SU(3) analogs of (34) for SU(2).
4 Coherent States with SU(N) Charges
In this section we will find that the SU(3) formulation of section 3 can be recast into
SU(N) co-variant formulation by some simple substitutions. The SU(N) group is of rank
13
(N-1) and therefore it has (N-1) fundamental representations [16]. For it’s Lie algebra it
is convinient to use the Cartan-Weyl basis and generalize the notations of section 3 . The
(N-1) mutually commuting generators belonging to the Cartan subspace will be denoted
by Ha, a=1,2,...,(N-1) and the raising and lowering operators by Eα, α = 1, 2, ..., (N
2−N)
2
.
The SU(N) Lie algebra in the Cartan Weyl basis is:[
Ha, Hb
]
= 0,
[Ha, Eα] = Ka(α)Eα[
Eα, Eβ
]
= ~K(α). ~H if α = −β
= Nα,βγ E
γ otherwise. (72)
In (72), ~K(α) are the (N − 1) dimensional root vectors corresponding to the ladder
operator Eα. Nγα,β are constants depending on N and are non-zero only if
~K(α)+ ~K(β) =
~K(γ). The algebra (72) has (N-1) fundamental representations which will be labeled by
the index F (= 1,2,....(N-1)) such that the F th representation is of dimension NCF . The
generators in this representation will be denoted by (Ha(F ), Eα(F )). To construct the
first fundamental representation (F=1) we define N2, N ⊗ N matrices eij , i,j=1,2,..,N
whose matrix elements are given by eijkl ≡ δikδjl . The generators belonging to the first
fundamental representation can now be written as:
Ha(1) =
a∑
i=1
eii − aea+1a+1, Eα(1) = eij , i > j (73)
The higher fundamental representations can be built out of (73). Following the previous
section on SU(3), we introduce (N-1) sets of harmonic oscillators creation-annihilation
operators (ai(F ), a
†
i(F )), F = 1, 2, .., N−1; i = 1, 2, ...NCF . We now have the Hilbert space
characterized by the occupation numbers ni(F ) corresponding to each of these oscillators.
At this stage, it is convenient to think of ai(F ) and ni(F ) as the i
th components of NCF
dimensional vectors ~a(F ) and ~n(F ) respectively. An arbitrary occupation numbers state
can now be denoted by |~n(1), ...., ~n(N − 1))〉 where ~n(F ) is a set containing NCF integers
ni(F ), (i = 1, 2, ...
NCF ). We define the SU(N) charge operators as:
Qa ≡
N−1∑
F=1
NCF∑
i,j=1
a†i(F )(H
a(F ))ijaj(F )
E ij|i 6=j ≡
N−1∑
F=1
NCF∑
k,l=1
a†k(F )(E
ij(F ))klal(F ) (74)
It is easy to check that the operators defined in (74) satisfy the SU(N) Lie algebra (72).
Just like in the case of SU(2) and SU(3), the (N - 1) Casimirs of SU(N) are simply the
(N - 1) types of number operators, i.e,:
C(F ) ≡
NCF∑
i=1
a†i(F )ai(F ), F = 1, 2, .., (N − 1). (75)
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We now define (N-1) complex vectors6 ~z(F ) of dimensions NCF respectively. The SU(N)
coherent states which are eigenstates of the (N-1) Casimirs are defined as [9]:
|~z(1), ..., ~z(N − 1) >(c1,..,cN−1) ≡
[ N−1∏
F=1
δ(C[F ],cF )
]
exp
N−1∑
F=1
(~z(F ) · ~a†(F ))|~0, ...,~0 > (76)
In (76), the (N - 1) δ function constraints imply that the states on the left satisfy:
C[F ]|~z(1), .., ~z(N − 1)〉(c1,..,cN−1) = cF |~z(1), .., ~z(N − 1)〉(c1,..,cN−1). (77)
The coherent states in (76) are defined on the SU(N) manifold [9]. On the other hand,
the fixed SU(N) charge coherent states are given by:
|~z(1), .., ~z(N − 1)〉q1,...qN−1 ≡
[ (N−1)∏
a=1
δ[Qa, qa]
]
exp
N−1∑
F=1
~z(F ).~a†(F )|~0, ...,~0〉 (78)
Again, (78) is a generalization of (22) and (45). The coherent states (78) are defined on
the complex manifold (C)2[2
(N−1)−1]. At this stage, for the sake of simplicity, we consider
only F=1 and F = (N - 1) representations (i.e, ~n(F ) = 0 for F = 2, 3,...(N-2)). They are
both N dimensional and conjugate to each other. In this simple case, we further denote
~n(F = 1) ≡ ~n and ~n(F = N −1) ≡ ~m. The (N - 1) δ function constraints in (78) demand
that the occupation number be the the eigenvectors of the (N - 1) charge operators Qa
given in (74):
Qa |n1, n2,...,nNm1,m2,...,mN 〉 = qa |n1, n2,...,nNm1,m2,...,mN 〉, F = 1, 2, ..., (N − 1). (79)
The (N - 1) equations in (79) can be easily solved for the first (N - 1) occupation numbers
(n1, n2, ..., n(N−1)) in terms of the (N - 1) SU(N) charges (q1, q2, ...q(N−1)).
ni = nN + li +
N−1∑
a=i
a(ma −ma+1), i = 1, 2, .., N − 1. (80)
where li ≡ ∑N−1a=i ( 1a(qa − qa−1). The equation (80) is the SU(N) generalized form of the
equation (49) for SU(3). We can now directly write down the SU(N) analog of (53):
|~z, ~w >(q1,..,qN−1) = exp
[ z1..zN
N1..NN−1
a†1..a
†
N +
w1..wN
M1..MN−1
b†1..b
†
N
] ∞∑
ν1,..,νN−1=0
C0ν1,..,νN−1,0
|(l1+ν1) (l2+ν2)....(lN−1+νN−1) 0ν1 ν2 .... νN−1 0 〉 (81)
In (81),
C0ν1,..,νN−1,0 ≡
zl1+ν11 ...z
lN−1+νN−1
N−1 w
ν1
1 ...w
νN−1
N−1√
(l1 + ν1)!...(lN−1 + νN−1)!ν1!...νN−1!
(82)
6Note that for N=3, we get the results of section 2 with ~z(1) ≡ ~z and ~z(2) ≡ ~w.
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Like in the SU(3) case, the compact exponential form is:
|~z, ~w >(q1,..,qN−1)= C0exp
[
z1..zN−1
1
Nˆ1..NˆN−1
a†1..a
†
N−1 + w1..wN−1
1
Mˆ1..MˆN−1
b†1..b
†
N−1
]
exp
[
z1w1
1
Nˆ1
a†1b
†
1..+ zN−1wN−1
1
NˆN−1
a†N−1b
†
N−1
]
|l1 l2 ....lN−1 00 0 ....0 0 〉 (83)
where,
C0 ≡ (z1)
l1
√
l1!
.....
(zN−1)lN−1√
lN−1!
(84)
The coherent states with SU(N) charges in (81) satisfy:
Ha |~z, ~w〉q1,q2,...qN−1 = qa |~z, ~w〉q1,q2,...qN−1, a = 1, 2..., N − 1
aibi|~z, ~w〉q1,q2,...qN−1 = ziwi|~z, ~w〉q1,q2,...qN−1 i = 1, 2, ..., N( N∏
i=1
ai
)
|~z, ~w〉q1,q2,...qN−1 =
( N∏
i=1
zi
)
|~z, ~w〉q1,q2,...qN−1 (85)
( N∏
i=1
bi
)
|~z, ~w〉q1,q2,...qN−1 =
( N∏
i=1
wi
)
|~z, ~w〉q1,q2,...qN−1
The equations in (85) are the SU(N) analog of (52) for SU(3).
4.1 Nonlinear Formulation
As in the case of SU(3), we now define the non-linear SU(N) coherent states by generalizing
(61). We now have (N - 1) conditions:
[
fF (Nˆ1, ..., NˆN)
NCF∏
i=1
ai(F )
]
|~z(1).., ~z(N − 1); f1, .., fF >
≡
[ NCF∏
i=1
zi(F )
]
|~z(1).., ~z(N − 1); f1, .., fF >, F = 1, 2.., N − 1 (86)
For the sake of simplicity, we again restrict ourselves to only F = 1 and F = (N - 1)
fundamental representations. Denoting fF=1 and fF=N−1 by f and g respectively, the
equations in (86) reduce to:
f(Nˆ1, ..., NˆN)a1..aN |~z, ~w, f, g〉q1,..,qN−1 = z1...zN |~z, ~w, f, g〉q1,..,qN−1
g(Mˆ1, ..., MˆN)b1..bN |~z, ~w, f, g〉q1,..,qN−1 = w1...wN |~z, ~w, f, g〉q1,..,qN−1. (87)
Again, the construction of |~z, ~w, f, g〉q1,..,qN−1 is similar to that of section 3 for SU(3). We
define:
Hˆf(Nˆ1, Nˆ2, ..., NˆN−1) ≡ 1
Nˆ1Nˆ2..NˆN−1 f(Nˆ1 − 1, Nˆ2 − 1, ..., NˆN−1 − 1)
Hˆg(Mˆ1, Mˆ2, ..., MˆN−1) ≡ 1
Mˆ1Mˆ2..MˆN−1 g(Mˆ1 − 1, Mˆ2 − 1, ..., MˆN−1 − 1)
. (88)
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Like in the SU(2) and SU(3) cases we now get:
|~z, ~w, f, g >q1,..,qN−1 = exp
[
z1..zN Hˆf a
†
1..a
†
N + w1..wN Hˆg b
†
1..b
†
N
]
∞∑
ν1,..,νN−1=0
C0ν1,..,νN−1,0 |
(l1+ν1) (l2+ν2)....(lN−1+νN−1) 0
ν1 ν2 .... νN−1 0 〉
= C0 exp
[
z1..zN Hˆf a
†
1..a
†
N + w1..wN Hˆg b
†
1..b
†
N
]
exp
[
z1w1
1
Nˆ1
a†1b
†
1 + ... + zN−1wN−1
1
NˆN−1
a†N−1b
†
N−1
]
|l1 l2 ....lN−1 00 0 ....0 0 〉 (89)
In (89) C0ν1,..,νN−1,0 and C0 are given by (82) and (84) respectively. We also note that|~z, ~w, f = 1, g = 1 >q1,..,qN−1≡ |~z, ~w >q1,..,qN−1. All the explicit constructions in this
section can be generalized to include the other SU(N) fundamental representations.
5 Summary and Discussion
In this paper we have exploited the representation of SU(N) Lie algebra in terms of har-
monic oscillator creation and annihilation operators to construct SU(N) coherent states
with fixed (N - 1) charges belonging to the SU(N) Cartan subspace . These fixed charge
coherent states are obtained by simply modifying the constraints for the corresponding
generalized coherent states which are defined over different possible irreducible represen-
tations of the group. Further, it is easy to generalize this Schwinger boson construction
to define non-linear SU(N) coherent states. We should also mention that the techniques
described in this work using harmonic oscillators are extremely simple compared to the
standard method. This is because the standard definition of SU(N) coherent states be-
longing to a representation R of SU(N) is:
|g >R≡ TR(g)|µ >R (90)
where g is an SU(N) group element characterized by (N2−1) compact parameters, TR(g)
is the corresponding matrix and |µ >R is an arbitrary weight vector in the representation
R respectively. Therefore, to define |g >R, we not only need to know the group manifold
with the Haar measure, we also need to know all the representations of SU(N). Further,
for bigger SU(N) groups and their higher representations it becomes extremely difficult
to analyze (90) because of large matrix structures and too many parameters describing
the group manifolds. This should be contrasted with (15), (40) and (76) where all these
inputs are part of the formulation itself. Infact, this leads to enormous simplifications for
N ≥ 3. We,therefore, expect that generalization of our techniques to an arbitrary Lie
group will be convenient and useful. The work in this direction is in progress and will be
reported elsewhere.
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